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1. INTRODUCTION
Let G be a finite reflection group acting on R n. Then G acts on the
w x  .polynomial ring R x in a natural manner, where x s x , . . . , x is a1 n
standard coordinate system in R n. Let R be the subring of G-invariant
 .polynomials G-in¨ariants for short . Then there exists an n-tuple d F ???1
F d of positive integers, called the degrees of G, such that R is generatedn
by an n-tuple of algebraically independent homogeneous elements
g , . . . , g g R satisfying deg g s d . Such an n-tuple g , . . . , g is called a1 n i i 1 n
 .basis of G-invariants or basic G-in¨ariants . The degrees are independent
of the particularly chosen basis, while the basis itself is not unique. Several
authors have explicitly given a particular basis for each irreducible finite
 w x w x w xreflection group cf. Coxeter 3 , Ignatenko 9 , Mehta 10 , Saito, Yano,
w x w x.and Sekiguchi 11 , and Sekiguchi and Yano 12, 13 . In this paper we are
concerned with a distinguished basis of G-invariants canonically attached
 .to a certain system of invariant differential equations cf. Definition 1.1 .
Any basic G-invariants g , . . . , g are linearly independent since they1 n
are algebraically independent. Two bases of G-invariants, say, g , . . . , g1 n
and h , . . . , h , are said to be equi¨ alent if there exists a constant matrix1 n
 .P g GL n, R such that
h , . . . , h s g , . . . , g P . 1.1 .  .  .1 n 1 n
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 : w x ` n.We define a bilinear form ? ,? : R x = C R ª R by
 : < ` nw xf , g s f ­ g f g R x , g g C R , 1.2 .  .  . .xs0
 .  .where ­ s ­ , . . . , ­ with ­ s ­r­ x . It is well known that 1.2 defines1 n i i
w xa positive definite symmetric bilinear form on R x . The Gram]Schmidt
 .orthogonalization with respect to the inner product 1.2 takes a basis of
G-invariants into an equivalent orthogonal one. So it is no loss of general-
ity that we restrict our attention to orthogonal bases of G-invariants.
DEFINITION 1.1. A basis f , . . . , f of G-invariants is said to be canoni-1 n
cal if it satisfies the system of partial differential equations,
 :f ­ f s f , f d i , j s 1, . . . , n , 1.3 .  .  .i j i i i j
where d is the Kronecker symbol.i j
 . w xBy 1.2 any canonical basis is an orthogonal system. Flatto 4, 5 and
w xFlatto and Wiener 7 have essentially established the following theorem.
THEOREM 1.2. Any finite reflection group G admits a unique up to
.equi¨ alence canonical basis of G-in¨ariants. Let g , . . . , g be any orthogo-1 n
nal basis of G-in¨ariants. Then the system of partial differential equations:
 :g ­ f s g , f d i , j s 1, . . . , n , 1.4 .  .  .i j i i i j
together with the additional condition
 :g , f / 0 i s 1, . . . , n , 1.5 .  .i i
 .has a unique up to a nonzero constant multiple G-in¨ariant solution
` n.f , . . . , f g C R ¨anishing at the origin. For any such solution, f is1 n i
necessarily a homogeneous polynomial of degree d , and f , . . . , f form ai 1 n
canonical basis of G-in¨ariants.
The above formulation is due to the author. In a manner different from
w x4, 5, 7 and perhaps more clearly, Theorem 1.2 can be established by the
 . systematical investigation of the invariant differential equations 1.4 cf.
w x.Steinberg 19 . But we do not reproduce our proof here since it is not a
main point of this paper. In order to construct a canonical basis, we have
 .  .only to solve the linear problem 1.4 ] 1.5 with any conveniently chosen
 .orthogonal basis g , . . . , g , instead of tackling the nonlinear problem 1.31 n
 .  .directly. This is an advantage of the characterization 1.4 ] 1.5 of canoni-
cal bases.
Remark 1.3. Theorem 1.2 and the definition of equivalence imply that
if a degree d is of multiplicity one, then the ith canonical invariant f isi i
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unique up to a nonzero constant multiple. This remark applies to all
degrees of any irreducible finite reflection group except for type D with nn
even. Even in this exceptional case, the remark applies to all degrees di
 .but i s nr2, nr2 q 1.
It is an interesting problem to determine a canonical basis of G-
w x w xinvariants for each individual group. Flatto 4, 5 and Flatto and Wiener 7
gave an algorithm for doing so. But it does not seem to be effective in
practice. In fact they gave no explicit formula for a canonical basis. In this
paper we determine it explicitly for groups of types A, B, D, and I in a
 .systematical way. The formulas obtained Theorem 2.1 will be applied to
certain mean value problems in forthcoming papers. The groups of the
remaining types E, F, and H seem to require case-by-case treatments, and
the problem is left open for these exceptional groups.
2. STATEMENT OF THE MAIN THEOREM
First we consider the simplest case of type I. We identify R2 with C by
’  .setting z s x q y 1 x . A group of type I s I m is the dihedral group1 2 2
of order 2m generated by the reflection with respect to the real axis and
the rotation of angle 2prm around the origin. The degrees are d s 2 and1
< < 2  m.d s m. In this case f s z and f s Re z form a canonical basis.2 1 2
 .The only relation to be checked is f ­ f s 0. But this is trivial since1 2
 .f ­ is the Laplacian and f is a harmonic polynomial.1 2
We proceed to groups of types A s A , B s B , and D s D . Letny1 n n
S be the symmetric group acting on R n by permuting x , . . . , x . Letn 1 n
 .nZr2Z be the abelian group defined by
n
Zr2Z s « , . . . , « ; « s "1 i s 1, . . . , n . 2.1 4 .  .  .  .1 n i
 .n n  .ny1The group Zr2Z acts on R by sign changes. Let Zr2Z be the
 .nsubgroup of Zr2Z defined by
nny1
Zr2Z s « , . . . , « g Zr2Z ; « ??? « s 1 . 2.2 .  .  .  . 41 n 1 n
 .n  .ny1The group S acts on Zr2Z and Zr2Z by permuting « , . . . , « .n 1 n
For > s A, B, D, let G > be the group defined by
G A s S , 2.3. A .n
nBG s S h Zr2Z , 2.3.B .  .n
ny1DG s S h Zr2Z . 2.3.D .  .n
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 A nActually the group G acting on the hyperplane x q ??? qx s 0 in R1 n
. >is of type A . Then the group G is a finite reflection group acting onny1
R n. The degrees d >, . . . , d > of G > are given by1 n
d A s i i s 1, . . . , n , 2.4. A .  .i
d B s 2 i i s 1, . . . , n , 2.4.B .  .i
¡ w x2 i i s 1, . . . , nr2 , .
D ~ w xn i s nr2 q 1 ,d s 2.4.D .  .i ¢ w x2 i y 1 i s nr2 q 2, . . . , n , .  .
w xwhere nr2 is the largest integer not exceeding nr2. The fundamental
> . >alternating polynomial D x of G is given by
DA x s x y x , 2.5. A .  .  . i j
i-j
DB x s x ??? x x 2 y x 2 , 2.5.B .  . .1 n i j
i-j
DD x s x 2 y x 2 . 2.5.D .  . . i j
i-j
We define the polynomials f >, . . . , f > as follows. For > s A, B, we set1 n
i
ky1> > >Ãf x s y1 x D ­ , . . . , ­ , . . . , ­ D x , . . . , x , .  .  .   /n j j j j j jk 1 k i 1 i
j - ??? -j ks11 i
2.6.> /
 .where the first summation is taken over all i-tuples j , . . . , j of integers1 i
Ãsuch that 1 F j - ??? - j F n and ­ indicates the omission of the1 i jk
operator ­ . For > s D, we setjk
¡ B w xf x i s 1, . . . , nr2 , .  .i
D ~ w xx ??? x i s nr2 q 1 , .f x s 2.6.D .  .1 ni
B¢ w xf x i s nr2 q 2, . . . , n . .  .iy1
> . >It is easy to see that f x is a G -invariant homogeneous polynomial ofn
degree d >.i
THEOREM 2.1. For > s A, B, D, the polynomials f >, . . . , f > form a1 n
canonical basis of G >-in¨ariants.
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3. PROOF OF THE MAIN THEOREM
In this section we establish Theorem 2.1. First we recall a result due to
w xSteinberg 19 .
 .LEMMA 3.1. Let D x be the fundamental alternating polynomial of G,
i.e.,
D x s L x , 3.1 .  .  . i
i
 .where the L x 's are linear forms whose zeros define the reflecting hyperplanesi
` n.of G. Let g , . . . , g be a basis of G-in¨ariants. Then a function f g C R is1 n
a solution of the system of partial differential equations:
g ­ f s 0 i s 1, . . . , n 3.2 .  .  .i
w x  .if and only if f g R ­ D x .
First we determine the nth canonical invariant for > s A, B, which is
 .unique up to a nonzero constant multiple cf. Remark 1.3 . For simplicity
we sometimes omit the superscript >.
LEMMA 3.2. For > s A, B, the nth canonical in¨ariant f s f > is gi¨ en byn n
n
iy1 Ãf x s y1 D x , . . . , ­ , . . . , x D x , . . . , x , 3.3 .  .  .  . .n 1 i n 1 n
is1
>  .where D s D is defined by 2.5. > .
Proof. We fix > s A, B. Let f , . . . , f be any canonical basis of G-in-1 n>  .variants, where G s G . From 1.3 we obtain
f ­ ­ f s 0 i , j s 1, . . . , n . 3.4 .  .  .i j n
 .Since f , . . . , f are basic G-invariants, Lemma 3.1 and 3.4 imply that1 n
 .there exists a polynomial g x such thatj
­ f s g ­ D j s 1, . . . , n . 3.5 .  .  .j n j
Let G be the finite reflection group of type > acting on R ny1, where Rny1j j j
is the linear subspace of R n corresponding to the coordinates
x , . . . , x , . . . , x . The fundamental alternating polynomial D of G isÃ1 j n j j
given by
D s D x , . . . , x , . . . , x . 3.6 .Ã .j 1 j n
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Since f is G-invariant, ­ f is G -invariant. The fundamental alternatingn j n j
 .polynomial D of G is G -alternating. Hence 3.5 yieldsj
­ f s Alt g ­ D j s 1, . . . , n , 3.7 .  .  . .j n j j
where Alt is the operator defined byj
1
Alt s det s s . 3.8 .  .j < <Gj sgGj
Hence replacing g by Alt g if necessary, we may assume that g isj j j j
G -alternating. So g is divisible by D , i.e., there exists a G -invariantj j j j
 .polynomial h such that g s h D . Hence 3.7 yieldsj j j j
­ f s h ­ D ­ D j s 1, . . . , n . 3.9 .  .  .  .j n j j
We may assume h is a homogeneous polynomial, since so are ­ f andj j n
 . AD ­ D. The polynomial ­ f has degree d y 1, i.e., deg ­ f s n y 1j j n n j n
B A  . Aand deg ­ f s 2n y 1. On the other hand deg D s n n y 1 r2, deg Dj n j
 . . B 2 B  .2s n y 1 n y 2 r2, and deg D s n , deg D s n y 1 , and hencej
A . A B . Bdeg D ­ D s n y 1 and deg D ­ D s 2n y 1. Hence we havej j
 .  .deg ­ f s deg D ­ D for > s A, B. So 3.9 implies that h must be aj n j j
constant. Thus we obtain
­ f s a D ­ D j s 1, . . . , n , 3.10 .  .  .j n j j
 .where a is a constant. Since f is of degree d , 3.10 yieldsj n n
n n




f s a x D ­ D 3.11 .  .n j j j
js1
up to a nonzero constant multiple. Finally we determine the constants a .j
 . dnIt easily follows from 3.11 that the coefficient of x in f is given byj n
 . jy1  :y1 a D , D . Since f is G-invariant, this coefficient must be inde-j j j n
 :  . jy1pendent of j. Since D , D is independent of j, y1 a must bej j j
 . jy1independent of j. So we can take a to be y1 . The proof is complete.j
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Proof of Theorem 2.1 for Types A, B. It is well known that the power
sums g , . . . , g defined by1 n
n
ig s x > s A , 3.12. A .i j  /
js1
n
2 ig s x > s B 3.12.B .i j  /
js1
form an orthogonal basis of G-invariants. For this particular basis g , . . . , g1 n
 .  .we consider the problem 1.4 ] 1.5 . By Theorem 1.2 this problem has a
solution h , . . . , h which is necessarily a canonical basis of G-invariants.1 n
By Remark 1.3 and Lemma 3.2 we must have h s f up to a nonzeron n
 .constant multiple, where f is given by 3.3 . In particular we haven
g ­ f s a d i s 1, . . . , n , 3.13 .  .  .i n n in
 :where a s g , f is a nonzero constant depending only on n. For eachn n n
 .m s 1, . . . , n, let J be the set of all m-tuples J s j , . . . , j such thatm 1 m
1 F j - ??? - j F n. We set1 m
f s f m s 1, . . . , n , 3.14 .  .m J
JgJm
where f is defined byJ
m
ky1 Ãf s y1 x D ­ , . . . , ­ , . . . , ­ D x , . . . , x . 3.15 .  .  .  /J j j j j j jk 1 k m 1 m
ks1
 .  .  .We remark that the notations 3.3 and 3.14 ] 3.15 are consistent for
m s n. In order to establish Theorem 2.1, we have only to show that
 .  .  .g , . . . , g defined by 3.12 and f , . . . , f defined by 3.14 ] 3.15 satisfy1 n 1 n
 .  .  .1.4 ] 1.5 . For m s n this claim is already established in 3.13 . We set
m
ig s x J s j , . . . , j g J , > s A , 3.16. A .  .i , J j 1 m m /k
ks1
m
2 ig s x J s j , . . . , j g J , > s B . 3.16.B .  .i , J j 1 m m /k
ks1
Then we obtain
g ­ f s a d J g J , i , m s 1, . . . , n . 3.17 .  .  .i , J J m im m
 .  .For i F m, 3.17 follows from 3.13 with n replaced by m, and for i ) m,
 . c3.17 is trivial since deg g ) deg f . Let J denote the complement ofi, J J
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 .  .  .J s j , . . . , j g J in 1, . . . , n . For each J s j , . . . , j g J , f de-1 m m 1 m m J
pends only on x , . . . , x , while g c is independent of them. Hence wej j i, J1 m
have
g c ­ f s 0 J g J , i , m s 1, . . . , n . 3.18 .  .  .i , J J m
 .  .Using 3.17 ] 3.18 we obtain
g ­ f s g ­ f s g ­ f q g c ­ f 4 .  .  .  . i m i J i , J J i , J J
JgJ JgJm m
< <s a d s J a d , m im m m im
JgJm
< <  .  .where J is the cardinality of J . Hence f , . . . , f satisfy 1.4 ] 1.5 .m m 1 n
The proof is complete.
In order to establish Theorem 2.1 for type D, we need the following
lemma.
LEMMA 3.3. There exists a nonzero constant c such that
­ ­ ??? ­ f B s cd x x ??? x i s 1, . . . , n . 3.19 .  .1 2 n i in 1 2 n
Proof. Let f be any G B-invariant polynomial. We set g s ­ ­ ??? ­ f.1 2 n
Then it is easy to see that g satisfies
g x , . . . , yx , . . . , x s yg x , . . . , x , . . . , x i s 1, . . . , n . .  .  .1 i n 1 i n
Namely g is odd with respect to x for i s 1, . . . , n. In particular g isi
divided by x x ??? x . Applying this observation to f s f B, we obtain1 2 n i
­ ­ ??? g ¨ f B s c x x ??? x i s 1, . . . , n 3.20 .  .1 2 n i i 1 2 n
for some constants c , . . . , c . For i s 1, . . . , n y 1, we have deg ­ ???1 n 1
B  .­ f s 2 i y n - n. Hence 3.20 implies c s 0 for i s 1, . . . , n y 1. Forn i i
i s n we show c / 0. First we remarkn
c s ­ 2­ 2 ??? ­ 2 f B . 3.21 .n 1 2 n n
Let s be the ith elementary symmetric polynomial in n-variables. Then wei
can take
g s s x 2 , . . . , x 2 i s 1, . . . , n 3.22 .  . .i i 1 n
as a basis of G B-invariants. Since the canonical G B-invariants are unique
 .up to a nonzero constant multiple cf. Remark 1.3 , Theorem 1.2 implies
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 . B B  .  .that g , . . . , g defined by 3.22 and f , . . . , f satisfy 1.4 ] 1.5 . In1 n 1 n
 . B  . 2 2 2particular g ­ f is nonzero. Since g ­ s ­ ­ ??? ­ , it follows thatn n n 1 2 n
 .3.21 that c is a nonzero constant. The proof is complete.n
Proof of Theorem 2.1 for Type D. First we show that f D, . . . , f D form a1 n
basis of G D-invariants. In the proof of Theorem 2.1 for > s B, we have
w x w B B xalready established R g , . . . , g s R f , . . . , f , where g , . . . , g are1 n 1 n 1 n
 . B Bdefined by 3.12.B . Since deg g - deg f and deg f - deg g for i si n i n
w x w B B x  .1, . . . , n y 1, we have R g , . . . , g s R f , . . . , f . By 2.6.D we1 ny1 1 ny1
 D D4  B B 4have f , . . . , f s f , . . . , f , x ??? x . Hence we obtain1 n 1 ny1 1 n
D Dw xR g , . . . , g , x ??? x s R f , . . . , f .1 ny1 1 n 1 n
It is well known that g , . . . , g , x ??? x form a basis of G D-invariants.1 ny1 1 n
Therefore f D, . . . , f D also form a basis of G D-invariants.1 n
D D  .  .Next we show that f , . . . , f satisfy 1.3 . In view of 2.6.D the1 n
 . w xcondition 1.3 for i, j / nr2 q 1 has already been established in the
proof of Theorem 2.1 for type B. So we have only to show
D D D D w xf ­ f s f ­ f s 0 i / nr2 q 1 . .  .  .w n r2xq1 i i w n r2xq1
 .In view of 2.6.D this condition is equivalent to
­ ­ ??? ­ f B s 0 i s 1, . . . , n y 1 , 3.23 .  .1 2 n i
f B ­ x x ??? x s 0 i s 1, . . . , n y 1 . 3.24 .  .  .i 1 2 n
 .By Lemma 3.3 for i s n, the condition 3.23 is equivalent to
­ ­ ??? ­ f B ­ f B s f B ­ ­ ­ ??? ­ f B s 0 i s 1, . . . , n y 1 . .  .  .1 2 n n i n 1 2 n i
3.25 .
 .Now 3.25 follows from Lemma 3.3 for i s 1, . . . , n y 1. Finally we
 . Bestablish 3.24 . Each f is expressed as a polynomial of g , . . . , gi 1 n
 .without constant term, where g , . . . , g are defined by 3.12.B . As is1 n
 .easily seen, g ­ x x ??? x s 0 for any i s 1, . . . , n. Hence we havei 1 2 n
 .3.24 . The proof is complete.
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